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The interplay of time-reversal and n-fold rotation symmetries (n = 2, 4, 6) is known to bring a
new class of topological crystalline insulators (TCIs) having n surface Dirac cones due to surface
rotation anomaly. We show that the proximity-induced s-wave superconductivity on the surface of
these TCIs yields a topological superconducting phase in which two Majorana zero modes are bound
to a vortex, and that n-fold rotation symmetry (n = 2, 4, 6) enriches the topological classification
of a superconducting vortex from Z2 to Z2 × Z2. Using a model of a three-dimensional high-spin
topological insulator with s-wave superconductivity and two-fold rotation symmetry, we show that,
with increasing chemical potential, the number of Majorana zero modes at one end of a vortex
changes as 2→ 1→ 0 through two topological vortex phase transitions. In addition, we show that
additional magnetic-mirror symmetry further enhances the topological classification to Z× Z.
Introduction.– Majorana fermions bound to a super-
conducting vortex1–9 have received great attention in
recent years, since these particles obeying non-Abelian
statistics10–12 were predicted to be experimentally acces-
sible in hybrid systems of three-dimensional (3D) topo-
logical insulators (TIs) and conventional s-wave super-
conductors (SCs)13,14. Such non-Abelian vortices have
been expected as a potential platform for topological
qubits and quantum computation15. Recent experiments
have reported evidence for Majorana fermions localized
at vortex cores in superconducting TIs Bi2Te3
16,17 and
iron-based SCs18–23. These topological superconducting
phases have the advantage of utilizing more conventional
s-wave pairing than intrinsic topological superconductiv-
ity mediated by odd-parity pairings24–35.
Multiple Majorana vortex modes can emerge when the
parent material in proximity to an s-wave superconduc-
tor is a 3D topological crystalline insulator with multi-
ple surface Dirac cones protected by crystal symmetry.
For instance, an even number of Dirac cones on the sur-
face of 3D topological crystalline insulators (TCIs) such
as SnTe36–39 can theoretically host multiple Majorana
fermions when s-wave superconductivity with a vortex
is induced40–42. More generally, n-fold rotation (Cn)
symmetry-protected 3D TCIs with n = 2, 4, 6 have n
Dirac cones, instead of 2n Dirac cones, due to surface ro-
tation anomaly on the top and bottom surfaces that are
perpendicular to the rotation axis43–47. This motivates
us to study interplay of the rotation anomaly and Majo-
rana vortex zero modes on the surface of 3D TCIs with
s-wave pairing, and, moreover, to establish general classi-
fication of crystal symmetry-protected Majorana vortex
zero modes.
In this paper we show that double Majorana fermions
bound to a vortex are stable against symmetry-allowed
perturbations in superconducting TCIs with Cn rotation
symmetry (n = 2, 4, 6), and that their topological clas-
sification is extended from Z2 to Z2 × Z2 accordingly.
We consider a model of s-wave superconducting surface
Dirac cones protected by Cn symmetry, which is moti-
vated from Ref. 46, and show that double Majorana zero
modes are bound to a vortex that preserves Cn symme-
try (n = 2, 4, 6). Using a lattice model of 3D high-spin
TCIs with C2 symmetry and s-wave Cooper pairing, we
then show that the two surface Dirac cones from electrons
with total angular momentum J = 1/2 and 3/2 accom-
modate double Majorana fermions at each end of a vortex
line that is parallel to the rotation axis. With increasing
chemical potential, the double Majorana fermions dis-
appear successively at two vortex phase transitions that
are distinguished by C2 eigenvalues. Finally, we develop
topological classification of Majorana zero modes bound
to the ends of a vortex line under crystal symmetry. Our
results include a new class of Majorana vortex zero modes
classified by Z × Z under Cnv symmetry (consisting of
Cn and a vertical-plane mirror-reflection), in addition to
the Z2 × Z2 classification under Cn symmetry. Interest-
ingly, under two-dimensional (2D) point groups, we find
a one-to-one correspondence between topological classi-
fication of 3D TCIs and that of Majorana vortex zero
modes, which implies that any symmetry-protected sur-
face Dirac cone can accommodate a Majorana vortex zero
mode when s-wave pairing is induced on the surface of
TCIs.
Surface rotation anomaly and Majorana vortex
modes.– To see the relation between Majorana vortex
modes and Cn symmetry-protected Dirac cones due to
surface rotation anomaly, we first consider a 2D system
of surface Dirac fermions on the surface of a 3D TCI with
spin-orbit coupling, time-reversal symmetry (TRS), and
Cn symmetry for n = 2, 4, or 6. A minimal model Hamil-
tonian for the surface of a 3D TCI with rotation anomaly
is written as46
Hˆsurf =
∑
|k|<Λ
∑
s,s′,σ,σ′
cˆ†
k,s,σHs,σ;s′,σ′(k)cˆk,s′,σ′ (1)
with
H(kx, ky) = v(kxsx + kysy)⊗ 12, (2)
2where si (i = x, y, z) are the Pauli matrices in the spin
space, s and s′ are spin indices (s ∈ {↑, ↓}), σ and σ′
are orbital indices (σ ∈ {1, 2}), 1n the n × n identity
matrix, v is the velocity (v > 0), and Λ is a cutoff of
the order of the inverse lattice spacing. In this minimal
model the rotation axis is along the z axis and the dou-
ble Dirac cones are centered at Γ¯ point (kx, ky) = (0, 0).
The Dirac point can be split into n Dirac points away
from the Γ¯ point by adding symmetry-allowed pertur-
bations46. Equation (2) satisfies time-reversal symmetry
(TRS), TH(k)T † = H(−k) with T = isyK, and Cn
symmetry, CnH(k)C
†
n = H(Rnk) with
Cn = e
−ipi
n
sz ⊗ σz , (3)
where K is complex conjugation, σi (i = x, y, z) are the
Pauli matrices in the orbital space, and Rn is a represen-
tation of O(2), e.g., R4 : (kx, ky) → (−ky, kx). The or-
bitals are assumed to have opposite parities (e.g., s and p
orbitals), as indicated by σz in Eq. (3). The double Dirac
cones belong to different irreducible representations of
Cn and cannot be continuously deformed into each other
while preserving Cn symmetry. Thus the Dirac cones
cannot be gapped out; for example, a TRS-preserving
mass term sz ⊗ σy is prohibited since {Cn, sz ⊗ σy} = 0.
Suppose that an s-wave superconductor is deposited
on the rotation-invariant surface of the TCI so that the
s-wave Cooper pairs are induced due to the proximity
effect. The surface Hamiltonian Hˆsurf is extended to the
Bogoliubov-de Gennes (BdG) Hamiltonian
HˆsurfBdG =
∑
|k|<Λ
{ ∑
s,s′,σ,σ′
cˆ†
k,s,σ[H(k)− µ14]s,σ;s′,σ′ cˆk,s′,σ′
+
[
∆0
(
cˆ†
k,↑,1cˆ
†
−k,↓,1 + cˆ
†
k,↑,2cˆ
†
−k,↓,2
)
+H.c.
]}
,
(4)
where µ is the chemical potential and ∆0 is the induced
s-wave superconducting gap, which is assumed to have
the same magnitude for the two orbitals for simplicity.
The BdG Hamiltonian HˆsurfBdG describes a Cn-symmetric
fully-gapped superconductor with the energy spectrum
Ek = ±
√
(±v|k| − µ)2 + |∆0|2 when ∆0 6= 0.
In the presence of a superconducting vortex at the rota-
tion axis (x, y) = (0, 0), the order parameter ∆ takes the
form ∆(r)eiθ , where r =
√
x2 + y2 and θ = arctan(y/x).
Here ∆(r) is a monotonic function of r satisfying ∆(0) =
0 and ∆(∞) = ∆0. We note that the vortex is placed
on the rotation axis, and this assumption is naturally
satisfied when the superconducting coherence length is
much larger than the size of a unit cell. The existence of
a vortex breaks TRS, whereas Cn symmetry still holds,
albeit in a modified form, since a vortex field also rotates
as ∆eiθ → ∆ei(θ+
2pi
n
) under Cn. Thus, the correct form
of Cn operations in the presence of a vortex
48 is Eq. (3)
combined with a gauge transformation by eipi/n,
c†
k,s,σ →
∑
s′σ′
c†Rnk,s′,σ′ [Cn]s′σ′;sσ e
ipi
n . (5)
One can easily verify that HˆsurfBdG is invariant under the
transformation of Eq. (5). The gauge transformation
changes the eigenvalues of the Cn operation from the
double (spinful) values to the single (spinless) values,
since ei
pi(2m−1)
n
+i pi
n = ei
2pim
n (m = 1, 2, · · · , n). Note that
particle-hole symmetry (PHS) is respected by the BdG
Hamiltonian even in the presence of a vortex.
The BdG Hamiltonian with a vortex is equivalent to a
2D Dirac Hamiltonian coupled with the s-wave pairing,
which is known as the Jackiw-Rossi model14,49–51. In
particular, when taking the limit µ→ 0 and replacing k
with −i∂, we can solve the BdG Hamiltonian analytically
and obtain two zero-energy solutions:
γˆ1 =
∫
dx
(
ei
pi
4 cˆ↑,1(x) + e
−ipi4 cˆ†↑,1(x)
)
e−
∫
r
0
∆(r′)/vdr′ ,
(6a)
γˆ2 =
∫
dx
(
ei
pi
4 cˆ↑,2(x) + e
−ipi4 cˆ†↑,2(x)
)
e−
∫
r
0
∆(r′)/vdr′ ,
(6b)
where cˆs,σ(x) is the Fourier transformation of cˆk,s,σ.
Equations (6) satisfy the Majorana condition γ†1(2) =
γ1(2).
To check the stability of the Majorana vortex zero
modes, we examine possible perturbations to Majorana
fermions. In general the coupling between Majorana
fermions can be written as
HˆMF =
∑
a,b
iAabγˆaγˆb, (7)
where Aab is a real-skew matrix and γˆ
†
a = γˆa. If such
coupling is allowed by symmetry, Majorana zere modes
acquire a finite hybridization gap. For the two Majo-
rana zero modes in Eq. (6), however, the coupling is
prohibited by Cn symmetry, since Majorana zero modes
are eigenstates, transformed as (γˆ1, γˆ2) → (γˆ1,−γˆ2), of
the Cn operation defined in Eq. (5); γˆ1 and γˆ2 belong
to the different sector of Cn symmetry. Furthermore,
the topological classification is found to be Z2 × Z2
as follows. When we extend the BdG Hamiltonian to
double ones HˆsurfBdG ⊕ Hˆ
surf
BdG, we can find four Majorana
fermions γˆa (a = 1, . . . , 4) that obey the transformation
(γˆ1, γˆ2, γˆ3, γˆ4) → (γˆ1,−γˆ2, γˆ3,−γˆ4) under the Cn opera-
tion. In this case, a symmetry-preserving hybridization
term HˆMF = iλ (γ1γ3 + γ2γ4) is allowed, since two out
of four Majorana fermions share the same eigenvalues of
Cn symmetry.
Symmetry-protected vortex phase transition in a lattice
model.– So far we have focused on the surface effective
Hamiltonian. This approach is valid for 3D supercon-
ducting TCIs where the 3D bulk is insulating. Now we
consider a 3D C2-invariant lattice model with a vortex
line and show that double Majorana vortex zero modes
can appear at each end of the vortex line, even when
the bulk is doped into a metallic state. As the chemi-
cal potential increases, the zero modes localized at the
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FIG. 1. Evolution of vortex bound states as a function
of the chemical potential at the kz = 0 plane in the s-wave
superconducting state of (8), where we assume (M,m0, t) =
(2.5,−1, 1.5), ∆0 = 0.5, ξ = 4, δx = 0.1, δy = 0.2, δ
′ = 0.1,
and the lattice sizes Lx = Ly = 21. The energy levels in red
(blue) have C2 eigenvalues +1 (−1).
opposite ends are expected to have a longer localization
length along the vortex line and pair-annihilate at a criti-
cal point µ = µc, which is known as a vortex phase transi-
tion52. Here, we show that double Majorana vortex zero
modes annihilate through successive vortex phase tran-
sitions that are protected by C2 symmetry. To this end,
we introduce a model Hamiltonian of high-spin fermions
in the normal state,
H(k) =
M +m0 ∑
i=x,y,z
cos(ki)
 14 ⊗ σz
+ t
∑
i=x,y,z
sin(ki)Ji ⊗ σx
+ [δx sin(kx)Jy + δy sin(ky)Jx]⊗ σx
+ δ′(JxJy + JyJx)⊗ σx, (8)
where Ji are the 4 × 4 spin matrices in the spin-3/2
representation, and σi the Pauli matrices in the orbital
space. In addition to the parameters M , m0, and t, we
have introduced lattice distortions δx and δy to break
C4 symmetry down to C2 symmetry (C2 = e
ipiJz ⊗ σ0)
and distortion δ′ to break C4 and inversion (14 ⊗ σz)
symmetries. The model (8) may be realized in the an-
tiperovskite compounds35,53–55, in which two Γ8 bands
with different orbiral characters are formed, by virtue of
spin-orbit coupling and cubic symmetry, around the Γ
point, where the band inversion leads to a TCI phase.
When δ′ = 0, the Hamiltonian H(k) in Eq. (8) has the
double band inversions at the Γ point in the parame-
ter regime −3 < M/m0 < −1, and the 2D surface has
two gapless modes protected by TRS (T = eipiJy ⊗ σ0K)
and C2 symmetry
56, where C2 projected onto the sur-
face states has a similar form to Eq. (3). We imple-
ment s-wave pairing to Eq. (8), with the gap function
∆(x) = ∆0 tanh (r/ξ) e
iθ in the cylindrical coordinates
z
y
x
n-fold rotation
z
y
x
vertical-mirror plane
FIG. 2. Schematic illustration of n-fold rotation and vertical-
mirror-reflection operations in a 3D SC with a vortex line.
with the coherence length ξ and the vortex line on the
rotation axis; see Fig. 2 (left). We numerically diagonal-
ize the 3D BdG Hamiltonian with the vortex line under
the periodic boundary condition in the z direction and
open boundary conditions in the x and y directions, and
obtain the energy spectrum of quasiparticles. Figure 1
shows the energy spectrum at kz = 0 as a function of the
chemical potential µ. The energy levels within the energy
gap ∆0 are (Caroli-de Gennes-Matricon
57) bound states
in the vortex. As expected, level crossings at E = 0
occur twice, at µc,1 ≃ 0.62 and µc,2 ≃ 0.87, in Fig. 1,
signaling two vortex phase transitions. The number of
Majorana states localized at one end of a vortex line is
two for 0 ≤ µ < µc,1, one for µc,1 < µ < µc,2, and none
for µ > µc,2. We note that the two vortex phase transi-
tions are distinguishable in terms of the C2 eigenvalues,
meaning that the Majorana vortex end modes and asso-
ciated vortex phase transitions are protected by the C2
symmetry.
Topological classification of Majorana vortex end
modes.– In the remaining part of this paper, we discuss
topological classification of Majorana vortex end modes
in superconducting 3D TCIs. The vortex phase transi-
tions are related to the change in the topology of elec-
tronic states in a vortex line. The relevant energy scale
of these states is the level spacing of vortex bound states,
i.e., a mini gap57 δ ∼ ∆/(kFξ)≪ ∆ (kF is the Fermi wave
number). The bulk excitations with energy E & ∆ are
irrelevant in our discussion, and we are allowed to take a
finite system size in the directions perpendicular to the
vortex line. Since a vortex line breaks TRS, our prob-
lem is reduced to classification of quasi-one-dimensional
(Q1D) SCs in class D of the Altland-Zirnbauer (AZ)
classes58–60. Thus, without crystalline symmetry, Q1D
superconducting vortices are classified by Z2.
Crystal symmetries that can be preserved under the
presence of a vortex line and a surface termination are
2D point groups Cn or Cnv (n = 1, 2, 3, 4, 6), when a
vortex line is on the rotation axis or the vertical-mirror
plane (see Fig. 2). The topological classification of Q1D
SCs with point group symmetry has been discussed in the
4previous works61–63. We here employ those approaches
and show that the topological classification is modified
by the presence of the U(1) vortex field. To this end, we
start from BdG Hamiltonian describing Q1D s-wave SCs
with an infinitely long vortex line along the z axis,H(kz),
in which the finite lattice sites in the xy plane are im-
plicitly included as sublattice degrees of freedom. The
BdG Hamiltonian has PHS, PH(kz)P
−1 = −H(−kz)
with P2 = 1N , where N is the dimension of H(kz).
The Cn symmetry (n = 2, 3, 4, 6) imposes the constraint
CnH(kz)C
−1
n = H˜(kz), where H˜(kz) is related to H(kz)
by Cn rotation of lattice sites in the xy plane. Fur-
thermore, we can set [Cn,P ] = 0 with s-wave Cooper
pairing. The gauge transformation associated with the
U(1) vortex field as discussed above Eq. (5) leads to
(Cn)
n = 1N . As a result, the BdG Hamiltonian can be
block-diagonalized as
H0 ⊕H1 ⊕ · · · ⊕ Hn−1, (9)
where Hm is a Hamiltonian in the subsector with Cn-
eigenvalue ei2pim/n. Since Cn symmetry forbids any
mixing of states from different subsectors, we can de-
fine an AZ symmetry class for each subsector. When
m/n /∈ {0, 1/2}, the eigenvalues are complex numbers.
In this case Hm does not have PHS itself and belongs
to class A. On the other hand, when m/n ∈ {0, 1/2},
the Cn-eigenvalues are real numbers, and PHS remains
as a symmetry of Hm, meaning that the subsector is in
class D. According to the periodic table of topological in-
sulators/superconductors60,64–66, Q1D SCs are classified
by Z2 for class D and 0 for class A. Thus, the topologi-
cal classification under Cn symmetry becomes Z2×Z2 for
n = 2, 4, 6 and Z2 for n = 3, which are consistent with the
results from the effective surface theory discussed above.
The topological indices (ν+, ν−) ∈ Z2 × Z2 are given by
ν± = sgn{Pf[U±H±(kz = 0)] Pf[U±H±(kz = pi)]} , (10)
where H+ (H−) is Hamiltonian in the subsectors with
Cn-eigenvalues +1 (−1), and U± is the unitary part of P
projected to H±.
Next, we consider the effect of vertical-mirror-
reflection (C1v) symmetry. Following the arguments in
Refs. 40 and 41, we find that the BdG HamiltonianH(kz)
with a vortex is invariant not by C1v transformation but
by magnetic-mirror transformation MT = TC1v, which
is the combination of C1v and time-reversal transforma-
tion, as MTH(kz)M
−1
T = H(−kz). For s-wave pairing
we can take [MT,P ] = 0. Here, MT is antiunitary and
M2T = 1N . Thus, MT plays a role of TRS for spinless
fermions in the BdG Hamiltonian, andH belongs to class
BDI with the 1D topological invariant Z.
Finally, we consider Cnv symmetry (n = 2, 3, 4, 6) that
consists of Cn and vertical-mirror reflections, where the
rotation axis is in the vertical-mirror planes (see Fig. 2).
The two operations do not commute, and the rotation
direction of Cn is inverted by the vertical-mirror reflec-
tion. The time-reversal operation T also affects Cn by
TABLE I. Classification of Majorana vortex end modes under
2D point groups. The first, second, and third columns repre-
sent 2D point groups, relevant AZ symmetry classes, and 1D
topological invariants, respectively. Here, D2 stands for D ×
D and so too with the others.
Symmetry AZ class 1 dim.
C1 D Z2
C2 D
2
Z2 × Z2
C3 D × A
2
Z2
C4 D
2
× A2 Z2 × Z2
C6 D
2
× A4 Z2 × Z2
C1v BDI Z
C2v BDI
2
Z× Z
C3v BDI × AI
2
Z
C4v BDI
2
× AI2 Z× Z
C6v BDI
2
× AI4 Z× Z
changing the phase factor in the gauge transformation in
Eq. (5) to its complex conjugate. As a result, Cn and
MT satisfy the relation
MTCnM
−1
T = C
−1
n . (11)
From Eq. (11) and the anti-unitarity of MT, we readily
find that MT is closed within each subsector in Eq. (9).
Thus, MT can be regarded effectively as (spinless) TRS
in each Hm. Hence, Hm belongs to class AI when m/n /∈
{0, 1/2}, while it is in class BDI when m/n ∈ {0, 1/2}.
Therefore, 1D topological invariants for H are Z× Z for
n = 2, 4, 6 and Z for n = 3. Since the combination of the
spinless TRS and PHS gives a chiral symmetry, we can
define winding numbers (w+, w−) ∈ Z× Z as
w± =
1
4pii
∫
dkzTr
[
ΓMH±(kz)
−1∂kzH±(kz)
]
, (12)
where ΓM is a chiral operator, defined by MTP pro-
jected onto H±. The classification of Majorana vortex
end modes is summarized in Table I. Interestingly, our
classification has one-to-one correspondence with that of
3D TCIs with 2D point groups62. The correspondence
can be understood from our analysis of 2D surface theory
generalizing the Fu-Kane mechanism to multiple Dirac
cones14.
Concluding remarks.– We have studied the intrinsic
relation between surface rotational anomaly and Majo-
rana zero modes localized at the ends of a vortex in 3D
superconductors, and established topological classifica-
tion predicting the existence of double Majorana vortex
zero modes: Z2 × Z2 for C2, C4, and C6, and Z × Z for
C2v, C4v, and C6v. The double Majorana zero modes can
be realized, e.g., in high-spin topological insulators and
detected through tunneling conductance as a zero bias
conductance peak of height 4e2/h.
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Supplementary materials:
Double Majorana vortex zero modes in superconducting topological crystalline
insulators with surface rotation anomaly
S1. Surface states and Majorana vortex zero modes in a model of high-spin fermions
We consider a model of high-spin fermions:
H(k) =
M +m0 ∑
i=x,y,z
cos(ki)
 14 ⊗ σz + t ∑
i=x,y,z
sin(ki)Ji ⊗ σx + [δx sin(kx)Jy + δy sin(ky)Jx]⊗ σx, (S.1)
where Ji are the 4× 4 spin matrices in the spin-3/2 basis and σi the Pauli matrices in the orbital space. M , m0, t, δx,
and δy are material parameters. As discussed in the main manuscript, the double band inversions occur at the Γ point
in the parameter regime −3 < M/m0 < −1, leading to two Dirac cones on a surface. Introducing s-wave pairing with
a vortex at (x, y) = 0 into Eq. (S.1) yields two Majorana zero modes at each end of the vortex. We here illustrate
those topological states by numerically diagonalizing the normal-state and Bogoliubov-de Gennes Hamiltonians. In
Fig. S1 (a), we show the (001) surface states of Eq. (S.1), which realize two Dirac cones (one of them has nonlinear
dispersion). In Fig. S1 (b), we plot eigenvalues of the BdG Hamiltonian for Eq. (S.1) with an s-wave pairing hosting
a vortex line along the z axis. The gap function is given by ∆0 tanh (r/ξ) e
iθ in the polar coordinate, where ξ is the
coherence length. We find four zero energy states, which describe two Majorana vortex zero modes at each end of the
vortex line.
S2. C4 symmetry-protected vortex phase transition
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FIG. S1. (a) Surface energy spectrum of Eq. (S.1) with the parameters (M,m, t, δx, δy) = (2.5,−1, 1.5, 0.1, 0.1) in the (001)
plane. (b) Eigenvalues of the s-wave superconducting states with a vortex line along the z axis, where µ = 0.1, ∆0 = 0.5, and
ξ = 4 and the lattice sizes (Lx, Ly, Lz) = (11, 11, 21).
7We here demonstrate C4 symmetry-protected Majorana vortex end modes and associated vortex phase transitions.
From the analysis of the surface effective Hamiltonian, we see that a simple model having the surface rotation anomaly
can be described by a stack of two three-dimensional topological insulators. From this insight, we consider a double
topological insulator model: H(k) = HTI,1 ⊕HTI,2 with
HTI,1(k) =
(
M1 +m1
∑
i
cos(ki)
)
12 ⊗ σz + t1
∑
i
sin(ki)si ⊗ σx, (S.2a)
HTI,2(k) =
(
M2 +m2
∑
i
cos(ki)
)
12 ⊗ σz + t2
∑
i
sin(ki)si ⊗ σx, (S.2b)
where si are the spin Pauli matrices. They become a strong topological insulator for −3 < Ma/ma < −1 (a = 1, 2)
and host two surface Dirac cones on their surface.
Suppose that s-wave superconductivity is realized. Then, the BdG Hamiltonian is described as
H(k) =
(
H(k)− µ18 ∆018
∆∗018 −H(k) + µ18
)
, (S.3)
where µ is the chemical potential and 1n is the n × n identity matrix. To see the vortex phase transitions, we
implement a vortex line as
∆0 → ∆(x) = ∆0 tanh (r/ξ) e
iθ, (S.4)
where r =
√
x2 + y2, θ = arctan(y/x), and ξ is the coherence length. The vortex line breaks translation symmetry
in the xy plane. For a finite lattice site in the x and y directions, Eq. (S.3) can be described as Hij(kz), where i
and j indicate lattice sites in the xy plane. Eq. (S.3) with the U(1) vortex field is invariant under C4 symmetry:
C4H(kz)C
†
4 = H˜(kz) with
C4 = e
−isz
pi
4 ⊗ σ0 ⊗ µz ⊗ e
iτz
pi
4 , (S.5)
where H˜(kz) is related to H(kz) by C4 rotation of lattice sites in the xy plane; µi and τi are the Pauli matrices in
the Nambu space and the stacked degrees of freedom. Numerically diagonalizing the BdG Hamiltonian and Eq. (S.5),
we obtain the evolution of vortex bound states for kz = 0 as a function of the chemical potential; see Fig. S2. As
expected, we observe E = 0 level crossings at µc,1 ≃ 0.9 and µc,2 ≃ 1.3, which signal two vortex phase transitions
associated with two Majorana vortex zero modes at one end of a vortex line. Each vortex phase transition appears in
the subsectors of C4 symmetry with the real eigenvalues +1 or −1. That is to say, the Majorana vortex zero modes
and the vortex phase transitions are protected by C4 symmetry.
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FIG. S2. Evolution of vortex bound states as a function of the chemical potential, where we assume (M1,m1, t1,M2,m2, t2) =
(2.5,−1, 1, 2.5,−1, 1.5), ∆0 = 0.5, ξ = 4, and Lx = Ly = 21. The red, yellow, blue, and green lines represent vortex bound
states for C4-subsectors 1, i, −1, and −i, respectively.
